Abstract. In the present paper, we prove that the classical sets ∞
INTRODUCTION
Zadeh introduced the concepts of fuzzy sets and fuzzy set operations, in his significant article [16] . Subsequently several authors discussed various aspects of the theory and applications of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming. Especially, El Naschie [11] studied the E infinity theory which has very important applications in quantum particle physics.
By w(F ), we denote the set of all sequences of fuzzy numbers. Throughout the text, we suppose that 1 ≤ p < ∞ with p −1 + q −1 = 1. We define the classical sets ∞ (F ), c(F ), c 0 (F ) and p (F ) consisting of the bounded, convergent, null and absolutely p-summable sequences of fuzzy numbers, as follows:
1800Özer Talo where the metric D is defined by (2.2) and E 1 denotes the set of fuzzy numbers. For simplicity in notation, here and in what follows, the summation without limits runs from 0 to ∞. In [10] , it was shown that c(F ) and ∞ (F ) are complete metric spaces with the Haussdorff metric D ∞ defined by
where x = (x k ), y = (y k ) are elements of the sets c(F ) or ∞ (F ). Of course, c 0 (F ) is also a complete metric space with respect to the Haussdorff metric D ∞ . Further, Nanda [10] has introduced and proved that the set p (F ) is a complete metric space with the Haussdorff metric D p defined by
, where x = (x k ), y = (y k ) are in p (F ).
Let µ 1 (F ), µ 2 (F ) ⊂ w(F ) and A = (a nk ) be an infinite matrix of fuzzy numbers. Then, we say that A defines a matrix mapping from µ 1 (F ) into µ 2 (F ), and denote it by writing A : µ 1 (F ) → µ 2 (F ), if for every sequence u = (u k ) ∈ µ 1 (F ) the sequence Au = {(Au) n }, the A-transform of u, exists and is in µ 2 (F ); where (Au) n := k a nk u k , (n ∈ N). (1.1) By (µ 1 (F ) : µ 2 (F )), we denote the class of all matrices A such that A : µ 1 (F ) → µ 2 (F ). Thus, A ∈ (µ 1 (F ) : µ 2 (F )) if and only if the series on the right side of (1.1) converges for each n ∈ N and every u ∈ µ 1 (F ), and we have Au = {(Au) n } n∈N ∈ µ 2 (F ) for all u ∈ µ 1 (F ). A sequence u is said to be A-summable to α if Au converges to α which is called as the A-limit of u. We denote the n th row of a matrix A = (a nk ) by A n for all n ∈ N, i.e. A n := {a nk } ∞ k=0 for all n ∈ N.
Mursaleen and Başarır [9] have recently introduced some new sets of sequences of fuzzy numbers generated by a non-negative regular matrix A some of which reduced to the Maddox spaces ∞ (p, F ), c(p, F ), c 0 (p, F ) and (p, F ) of sequences of fuzzy numbers for the special cases of that matrix A. Quite recently; Talo and Başar [13] have extended the main results of Başar and Altay [3] to the fuzzy numbers. Finally, Talo and Başar [14] have introduced the spaces ∞ (F, f ), c(F, f ), c 0 (F, f ) and p (F, f ) of sequences of fuzzy numbers defined by a modulus function and given some topological properties of the spaces together with some inclusion relations.
In [2] , Aseev introduced the concepts of quasilinear spaces and quasilinear operators which enable us to consider both linear and nonlinear spaces of subsets and multivalued mappings from a single point of view. Following Aseev [2] , RojasMedar et al. have recently extended some results of linear functional analysis to the fuzzy context, in [8] . Their work has motivated us to study the quasilinearity of the classical sets of sequences of fuzzy numbers. The main emphasis of this paper is to study the quasilinearity of the classical sets ∞ (F ), c(F ), c 0 (F ) and p (F ) of sequences of fuzzy numbers and to obtain the β−, α−duals of the set 1 (F ), and to characterize the class of infinite matrices of fuzzy numbers from 1 (F ) to p (F ). Additionally, it is proved that ∞ (F ) and c(F ) are normed quasialgebras and an operator defined by an infinite matrix belonging to the class ( ∞ (F ) : ∞ (F )) is bounded and quasilinear.
The rest of this paper is organized, as follows: Section 2 comprises some required definitions and results related with the quasilinear spaces, fuzzy numbers, and sequences and series of fuzzy numbers. Section 3 is devoted to the normed quasilinearity of the classical sets of sequences of fuzzy numbers. Furthermore, it is also proved in Section 3 that the normed quasilinear spaces ∞ (F ) and c(F ) are normed quasialgebras and an operator defined by an infinite matrix belonging to the class ( ∞ (F ) : ∞ (F )) is bounded and quasilinear. In Section 4, the β−, α−duals of the set 1 (F ) are determined and the perfectness of the spaces ∞ (F ), 1 (F ) is showed, and the characterization of the class ( 1 (F ) : p (F )) of infinite matrices of fuzzy numbers is obtained. In the final section of the paper, the results are summarized, open problems and further suggestions are recorded. In order to give a full knowledge to the readers on the sets of sequences of fuzzy numbers, in addition to the references some new documents are listed at the end of the paper.
PRELIMINARIES, BACKGROUND AND NOTATION
Following Aseev [2] , we begin with defining the concepts of quasilinear space, normed quasilinear space and quasilinear operator: Definition 2.1. A set X is called a quasilinear space if a partial order relation , an algebraic sum operation (+) and an operation of multiplication by real numbers (·) are defined on it and satisfy the following properties for any elements x, y, z, v ∈ X and any real numbers α, β:
(q.6) There exists an element θ ∈ X, called neutral element, such that x + θ = x.
(q.12) x y and z v ⇒ x + z y + v.
an element x has an inverse x , then it is unique. If any element x in the quasilinear space X has an inverse element x ∈ X, then the partial order on X is determined by equality and consequently X is a linear space with scalars in R. Definition 2.2. Let X be a quasilinear space. A real function · X : X → R is called a norm if the following conditions hold for any x, y ∈ X and any α ∈ R:
(n.5) If for any ε > 0 there exists an element x ε ∈ X such that x y + x ε and x ε X ≤ ε then x y.
A quasilinear space X with a norm defined on it, is called a normed quasilinear space.
If any x ∈ X has an inverse element x ∈ X, then the concept of a normed quasilinear space coincides with the concept of a real normed linear space.
The Haussdorff metric H on a normed quasilinear space X is defined by 
Let W be the set of all closed bounded intervals A of real numbers with endpoints A and A, i.e. A = [A, A]. The operations addition and multiplication by a real number on W are defined, as follows:
Since W is a partially ordered set with respect to the relation subset or equal (⊆), that is to say that Then W is a normed quasilinear space with this norm. The Hausdorff metric d obtained from this norm, on W is defined by (cf. Diamond and Kloeden [4] )
Then it can easily be observed that (W, d) is a complete metric space, (cf. Nanda [10] ). Now, we define the quasilinearity of an operator. 
for all x, y ∈ X and for all α ∈ R, then T is called a quasilinear operator. By L(X : Y ), we denote the set of all quasilinear operators from X to Y . Let
It is easy to see that L(X : Y ) is a quasilinear space with the usual algebraic operations addition and scalar multiplication of operators.
A quasilinear operator T : X → Y is said to be bounded if and only if there
we denote the set of all bounded quasilinear operators from X to Y . It is natural that the order on the set B(X : Y ) can be defined by the similar way used in Definition 2.5, above. It is not hard to show that B(X : Y ) is a normed quasilinear space with the usual algebraic operations addition and scalar multiplication of operators, normed by
Now, we give four known propositions concerned some properties of quasilinear operators of which the final one is analogous to the Banach-Steinhaus theorem.
Proposition 2.6. Let T ∈ L(X : Y ). Then, we have:
(i) T θ = θ. (
ii) T is bounded if and only if T is continuous on
Proposition 2.7. The following statements hold:
The operator T does not need to be bounded. But, if the space X is complete with respect to the metric defined on it, then T ∈ B(X : Y ). We continue by giving some required definitions. A fuzzy number is a fuzzy set on the real axis, i.e. a mapping u : R → [0, 1] which satisfies the following four conditions:
We denote the set of all fuzzy numbers on R by E 1 and call it as the space of fuzzy numbers.
where {x ∈ R : u(x) > λ} denotes the closure of the set {x ∈ R : u(x) > λ} in the usual topology of R. The set [u] λ is closed, bounded and non-empty
. R can be embedded in E 1 , since each r ∈ R can be regarded as a fuzzy number r defined by
Representation Theorem. [5] . 
Conversely, if the pair of functions α and β satisfies the conditions (i)-(iv), then there exists a unique
u ∈ E 1 such that [u] λ = [α(λ), β(λ)] for each λ ∈ [0, 1].
The fuzzy number u corresponding to the pair of functions α and β is defined by
Let u, v, w ∈ E 1 and α ∈ R. Then the operations addition, scalar multiplication and product defined on E 1 by
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where it is immediate that
The partial ordering relation ⊆ on E 1 is defined as follows:
In spite of the product being commutative and associative, it is not distributive on addition in E 1 . But the following relation holds
It is known that E 1 is a quasilinear space with the partial ordering relation and the algebraic operations, defined above, (see M. A. RojasMedar et al. [8] ). The unit element with respect to the operation (+) of the space E 1 is 0. We define the norm on E 1 by
Thus, E 1 is a normed quasilinear space with the norm defined by (2.1). The Hausdorff metric D obtained from the norm given by (2.1) is defined by
Following Matloka [7] , we now give some definitions concerned with the sequences of fuzzy numbers which are needed in the text.
Definition 2.10.
A sequence x = (x k ) of fuzzy numbers is a function x from the set N into the set E 1 , where N = {0, 1, 2, . . .}. The fuzzy number x k denotes the value of the function at k ∈ N and is called as the k th term of the sequence. By w(F ), we denote the set of all sequences of fuzzy numbers. Definition 2.11. An infinite matrix A = (a nk ) of fuzzy numbers is a double sequence of fuzzy numbers defined by a function A from the set N × N into the set E 1 . The fuzzy number a nk denotes the value of the function at (n, k) ∈ N × N and is called as the element of the matrix which stands on the n th row and k th column.
Definition 2.12.
A sequence (u k ) ∈ w(F ) is called convergent with limit u ∈ E 1 , if and only if for every ε > 0 there exists an n 0 = n 0 (ε) ∈ N such that
If the sequence (u k ) ∈ w(F ) converges to a fuzzy number u then by the definition of D, the sequences of functions {u 
Therefore, we have 
Definition 2.14. Let (u k ) ∈ w(F ). Then the expression u k is called a series of fuzzy numbers. Denote s n = n k=0 u k for all n ∈ N, if the sequence (s n ) converges to a fuzzy number u then we say that the series u k of fuzzy numbers converges to u and write u k = u. We say otherwise the series of fuzzy numbers diverges. By cs(F ), we denote the set of all convergent series of fuzzy numbers. As this, if the sequence (s n ) is bounded then we say that the series u k of fuzzy numbers is bounded.
Remark.
u k = u implies as n → ∞ that 
THE QUASILINEARITY OF THE CLASSICAL SETS OF SEQUENCES OF FUZZY NUMBERS
In this section, our purpose is to give the basic theorem on the quasilinearity of the classical sets of sequences of fuzzy numbers together with some other results.
The addition (+) and scalar multiplication (·) are defined on w(
is the unit element of the space w(F ) with respect to addition.
Let us define the partial ordering relation on w(F ), as follows:
It is a routine verification that w(F ) is a quasilinear space with the partial ordering relation defined by (3.1) and the usual algebraic operations addition and scalar multiplication. Now, we give the main theorem:
Main Theorem. The following statements hold:
(F ) denotes anyone of the sets ∞ (F ), c(F ) and c 0 (F ). Then the set µ(F ) is a quasilinear space with the partial ordering relation defined by (3.1) and usual algebraic operations addition, scalar multiplication. Additionally, the set µ(F ) is a normed quasilinear space with the norm · ∞ , defined by
(ii) The set p (F ) is a quasilinear space with the partial ordering relation defined by (3.1) and usual algebraic operations addition, scalar multiplication.
Additionally, the set p (F ) is a normed quasilinear space with the norm · p , defined by
Proof. Since the proofs are similar for the sets c 0 (F ), c(F ), ∞ (F ) and p (F ), we give the proof only for the set p (F ).
(ii) Firstly, we establish that the set p (F ) is a quasilinear space. Since the inclusion p (F ) ⊆ w(F ) holds, the conditions (q.1)-(q.13) are directly satisfied. So, it is sufficient to show that the set p (F ) is closed under the coordinatewise operations addition and scalar multiplication.
Let
Finally, we should show that the relation (3.2) satisfies the conditions (n.1)-(n.5) on the set p (F ).
(b) (3.3) and (3.4) give the conditions (n.2) and (n.3).
This means that u v, i.e. (n.5) holds.
1810Özer Talo and Feyzi Başar This step completes the proof of case (ii). Now, we may give the definition of the concepts of quasialgebra and normed quasialgebra for the quasilinear spaces. Definition 3.15. Let (X, , +, ·) be a quasilinear space. Then the set X is called an quasialgebra if the following conditions hold for the operation defined on X:
for any x, y, z ∈ X and any α ∈ R. Definition 3.16. Let the normed quasilinear space (X, · ) be a quasialgebra with the well-defined operation (·) on X. If x · y ≤ x y and 1 = 1, for all x, y ∈ X, then the space X is called as a normed quasialgebra.
Lemma 3.17. [15, Lemma 2.6(i)]. The inequality uv ≤ u v holds for
It is trivial that E 1 is a normed quasialgebra and the normed quasilinear space w(F ) is also a quasialgebra with
The unit element with respect to the multiplication is 1 = (1). Now, we may give: The spaces c 0 (F ) and p (F ) do not have a unit element with respect to the multiplication.
Prior to giving the theorem on the quasilinearity and the boundedness of an operator defined by an infinite matrix in the class ( ∞ (F ) : ∞ (F )), we state the following lemma which is needed: Proof. A-transform of a sequence u ∈ ∞ (F ) is the sequence Au = {(Au) n } defined by
Let us show that this transformation satisfies the conditions
for every fixed n ∈ N, it is obvious that A(αu) = αAu, i.e. (o.1) is satisfied.
(ii) Because of Finally, we prove that the quasilinear operator A is bounded. By considering the fact sup n∈N (Au) n < ∞ by Lemma 3.19, for all u ∈ ∞ (F ) one can see by Lemma 3.17 that
Thus, by taking supremum over u ∞ =1 we conclude that A ≤sup n∈N k a nk what we wished to prove.
Proposition 3.21. Let µ i (F ) denotes anyone of the spaces
for all x ∈ µ 1 (F ). Then, there exists a number C > 0 such that
for all x ∈ µ 1 (F ).
Proof. Since µ 1 (F ) is one of the quasilinear spaces ∞ (F ), c(F ), c 0 (F ) and p (F ), the pointwise boundedness of the sequence {T n } of operators between these spaces implies its uniform boundedness, as was desired.
THE β−, α−DUALS
In this section, we state and prove four theorems. The first two are on the β− and α−duals of the sequence space 1 (F ) and the third one concerns the characterization of the class ( 1 (F ) : p (F )) of infinite matrices of fuzzy numbers, where 1 ≤ p ≤ ∞. In addition, we show that the spaces ∞ (F ) and 1 (F ) are perfect. Finally, we prove that
Firstly, we define the β-dual and α-dual of a set µ(F ) ⊂ w(F ) which are respectively denoted by {µ(F )} β and {µ(F )} α , as follows:
It follows from here that {µ(F )} α ⊂ {µ(F )} β .
Theorem 4.1. The β−dual of the space 1 (F ) is the space ∞ (F ).
Proof.
are uniformly convergent by the Weierstrass M test, the series u k v k is also convergent. Hence, the inclusion
holds. Conversely, let us take any point v = (v k ) in the set { 1 (F )} β . Then, the series u k v k is convergent for each (u k ) ∈ 1 (F ). Define the sequence (f k ) of bounded quasilinear operators on 1 (F ) by
One can observe by using Proposition 2.8 and Proposition 3.21 at this stage that the operator f defined by
is a bounded quasilinear operator on the space 1 (F ). Consider the sequence {u
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. That is to say that the inclusion
holds. Now, the desired result follows by combining the inclusions (4.1) and (4.3). 
Proof. Suppose that
Hence, the inclusion
holds. Conversely, since the inclusion
holds we derive together with (4.4) that the α−dual of the space 1 (F ) is the space ∞ (F ). Now, we may state the definition of the concept of perfectness of a set of sequences of fuzzy numbers and give our easy result concerning the perfectness of the spaces ∞ (F ) and 1 (F ). 
as desired.
of fuzzy numbers and the characterization of the classes of infinite matrices of fuzzy numbers transforming one of the classical sets to the another one, (see [15] ). The table on the characterizations of the matrix transformations between certain spaces of sequences with real or complex terms were given in the famous article by Stieglitz and Tietz [12] . To prepare the fuzzy analogues of this table, Talo [15] ). We have just added the characterization of the class ( 1 (F ) : p (F )) to this list.
Of course, during the completion of the table of matrix transformations from the set µ 1 (F ) to the set µ 2 (F ), there are several open problems depending on the choice of µ 1 (F ) and µ 2 (F ). Başar and Altay [3] have determined the α−, β− and γ−duals of some new spaces of sequences with real or complex terms by using the characterization of related matrix classes, which was a new development of the matrix transformations. As a new approach, Altay and Başar have derived recently some topological properties of certain spaces of sequences with real or complex terms from the characterization of the related matrix classes, (see [1] ). It is natural that both of these techniques can apply to the sets of sequences of fuzzy numbers. Then, the table of characterizations of the matrix classes between certain sets of sequences of fuzzy numbers is needed. Indeed, if we study the new set µ(F ) A obtained by the domain of an infinite matrix A of fuzzy numbers in a set µ(F ) then it is necessary to know the characterization of the matrix transformations from µ(F ) to 1 (F ), to c(F ) and to ∞ (F ) for calculating the α−, β− and γ−duals of the set µ(F ) A .
